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Configuration Spaces of Pentagonal Frameworks
H. MAEHARA
Let F be a pentagonal framework in the plane. When we deform F continuously in the plane,
the shape of F changes. The configuration space of F is the space of its all possible ‘shapes’. We
characterize and classify the configuration spaces for those pentagonal frameworks that cannot be
folded into a line.
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1. INTRODUCTION
A configuration of n points in Rd is an ordered n-tuple P = (p1, . . . , pn) of n points
pi ∈ Rd . We can regard P as a point in Rdn . Two configurations P = (p1, . . . , pn) and
Q = (q1, . . . , qn) (pi , qi ∈ Rd) are said to be isometric (denoted by P ' Q) if there is an
isometry f : Rd → Rd such that f (pi ) = qi (i = 1, 2, . . . , n). If the isometry f preserves the
orientation of Rd , then the two configurations are called congruent, and denoted by P ∼= Q.
A framework F in d-dimensional euclidean space Rd is a graph whose vertices are points
in Rd . The distances between a pair of adjacent vertices p, q is called the length of the edge
pq. A deformation of F is a continuous movement of the vertices of F that preserves the
lengths of all edges of F . If there is a deformation of F that changes a distance between a pair
of non-adjacent vertices of F , then F is called flexible.
Let F be a connected, flexible framework in Rd with n vertices indexed in some order.
Then, n vertices of F define a configuration in Rd , which we regard as a point of Rdn . Let
X be the set of points P ∈ Rdn obtained as configurations of the n vertices of F by deform-
ing F in Rd in all possible ways. The quotient space X/ ∼= (resp. X/ ') obtained from X
by identifying congruent configurations (respectively isometric configurations) is called the
configuration space (resp. non-oriented configuration space) of F in Rd , and it is denoted
by C(F, d)(resp. I (F, d)). Both C(F, d), I (F, d) are interpreted as the spaces of ‘shapes’
obtained by deforming F in Rd . If F is a connected framework, then C(F, d) and I (F, d)
are connected and compact. (Why?) Note that there is a natural projection f : C(F, d) →
I (F, d) that maps every congruent class to its isometric class.
A framework F in Rd is called reversible in Rd if F can be deformed in Rd to its mirror
image with respect to a hyperplane in Rd . It is clear that if F is not reversible in Rd , then the
natural projection f : C(F, d)→ I (F, d) is a homeomorphism.
By a pentagonal framework, we mean a framework that is a 5-cycle. Let F(a1, a2, a3, a4, a5)
denote a pentagonal framework in Rd(d ≥ 2) whose consecutive edge lengths are a1, a2, a3,
a4, a5.
Havel [1] proved that the configuration space of the equilateral pentagonal framework
F(1, 1, 1, 1, 1) in the plane is an orientable closed two-dimensional manifold of genus 4.
He presented this result as an application of distance geometry in computer-aided proofs of
theorems. To calculate the Euler characteristic of the 2-manifold, Havel used Morse theory.
Kamiyama [3] studied the configuration spaces of the equilateral n-gonal frameworks, n ≥
3, in R2 and in R3. He determined their Euler numbers.
Thurston–Weeks [5] gave a few examples of configuration spaces of frameworks in the
plane. Following their method of analysis, let us study the configuration spaces of pentagonal
frameworks.
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THEOREM 1. The configuration space of a pentagonal framework is determined by the
lengths of the five edges, independently from their cyclic order.
Let us call F = F(a1, a2, a3, a4, a5) a general pentagonal framework if F cannot be folded
into a line, that is,
a1 ± a2 ± a3 ± a4 ± a5 6= 0
for any choice of signs.
THEOREM 2. Let F be a general pentagonal framework in R2 with edge-lengths a1 <
a2 < · · · < a5. Let
` = a1 + a2 + a3 + a4 − a5
2
.
(1) If a1 + a2 < ` then F is not reversible and C(F, 2) is (homeomorphic to) a two-
dimensional torus.
(2) If ` < a1+a2, then F is reversible and C(F, 2) is an orientable closed two-dimensional
manifold of genus g, where
g =

0 (0 < ` < a1)
1 (a1 < ` < a2)
2 (a2 < ` < a3)
3 (a3 < ` < a4)
4 (a4 < ` <∞).
REMARK 1. If a1 + a2 = `, then a pentagonal framework F is not general and C(F, 2) is
not always a manifold.
EXAMPLE. For F = F(1, 2, 3, 4, 5), we have ` = 2.5, and C(F, 2) is a double torus (an
orientable closed surface of genus 2).
The configuration space of a flexible framework is not necessarily a manifold. For example,
the configuration space of the square framework consisting of the edges and vertices of a
square in the plane is homeomorphic to the figure ( jee), the union of three circles pairwise
tangent in three distinct points. (It is not difficult to see this result.) However, for a framework
with n+1 vertices in n dimensions, the next result follows from a theorem of Schoenberg [4].
THEOREM 3. Let F be a connected flexible framework in Rn with n+1 vertices and (n+12 )−
k edges. Suppose that F can be deformed so that the n+1 vertices do not lie on a hyperplane.
Then C(F, n) is homeomorphic to a k-dimensional sphere.
It is not difficult to see that a general pentagonal framework F in R4 can be deformed so
that it does not lie on a hyperplane. Hence C(F, 4) is a 5-sphere.
For non-oriented configuration spaces, we have the following.
THEOREM 4. Under the same assumption as in Theorem 2, we have the following.
(1) I (F, 4) is a five-dimenional ball.
(2) I (F, 3) is a four-dimensional sphere.
(3) If a1 + a2 < ` then I (F, 2) is a two-dimensional torus. If ` < a1 + a2, then I (F, 2) is
a non-orientable closed two-dimensional manifold of genus g, where
g =

1 (0 < ` < a1)
2 (a1 < ` < a2)
3 (a2 < ` < a3)
4 (a3 < ` < a4)
5 (a4 < ` <∞).
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PROBLEM. Classify C(F, 3) for general pentagonal frameworks F .
It will not be difficult to see that for any general pentagonal framework F , C(F, 3) is a four-
dimensional manifold. Kamiyama [3] proved that C(F(1, 1, 1, 1, 1), 3) is simply connected
with Euler characteristic 7.
2. PROOFS OF THEOREMS 1, 2
PROOF OF THEOREM 1. It is not difficult to see that if F, F ′ are two pentagonal frame-
works in Rd with the same edge sequence a1, a2, a3, a4, a5 in the same order, then F can be
continuously deformed into a shape isometric to F ′. (If ai+ai+1 < (a1+· · ·+a5)−(ai+ai+1),
i = 1, 2, . . . , 5, where a5+1 = a1, then both F, F ′ can be deformed into triangles with
three sides, say, a1 + a2, a3 + a4, a5. If ai + ai+1 ≥ (a1 + · · · + a5) − (ai + ai+1) for
some i , then both F, F ′ can be deformed into (possibly degenerate) triangles with three sides
(a1+· · ·+a5)−(ai+ai+1), ai , ai+1.) From this, we can deduce that the configuration spaces
of F and F ′ are homeomorphic.
Thus, to prove Theorem 1, it will be enough to show that for two frameworks F1 =
F(a1, a2, a3, a4, a5) and F2 = F(a2, a1, a3, a4, a5) in Rd , C(F1, d) and C(F2, d) are home-
omorphic. Suppose a1 6= a2, and let p1, p2, . . . , p5 denote the vertices of F1 such that
‖ p1 − p2 ‖= a1, ‖ p2 − p3 ‖= a2. Let q2 be the point in Rd such that
−−→p2q2 = −−→p2 p1 +−−→p2 p3,
that is, q2 is a point such that p1 p2 p3q2 is a (possibly degenerate) parallelogram. Then, for
each configuration (p1, p2, p3, p4, p5) of F1, (p1, q2, p3, p4, p5) is a configuration of F2.
Clearly the correspondence
(p1, p2, p3, p4, p5)↔ (p1, q2, p3, p4, p5)
induces a homeomorphism between the configuration spaces C(F1, d) and C(F2, d). 2
PROOF OF THEOREM 2. Let p1, . . . , p5 denote the vertices of F such that
‖ pi − pi+1 ‖= ai (i = 1, 2, 3, 4, 5),
where p6 ≡ p1. Fix the two vertices p1, p5 on the plane, and let M be the set of points
(p2, p3, p4) ∈ R6 obtained by deforming F continuously in R2 in all possible ways. Then
M is (homeomorphic to) the configuration space of F . Let U denote the territory of p3 in the
plane, that is, U is the set of points in R2 where the vertex p3 can reach by deforming F by
fixing p1, p5. Note that the territory U of p3 is the intersection of the two annuli A1, A2;
A1 = {x ∈ R2 : a2 − a1 ≤‖ p1 − x ‖≤ a1 + a2},
A2 = {x ∈ R2 : a4 − a3 ≤‖ p5 − x ‖≤ a3 + a4}.
(1) Suppose that a1 + a2 < `. Then
a1 + a2 + a5 < a3 + a4 and
a1 + a2 < a3 + a4 − a5 < a5 − (a4 − a3).
This implies that p3, p4, p5 cannot lie on a line. Hence p3 → p4 → p5 → p3 is either
always clockwise or always counterclockwise. Therefore, F is not reversible.
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FIGURE 1.
Now we show that the territory U of p3 in R2 coincides with the annulus A1. Suppose that
x ∈ A1. Then,
a4 − a3 = a5 − (a5 − (a4 − a3)) < a5 − (a1 + a2)
≤ ‖ p1 − p5 ‖ − ‖ x− p1 ‖≤‖ x− p5 ‖,
‖ x− p5 ‖ ≤ ‖ x− p1 ‖ + ‖ p1 − p5 ‖≤ a1 + a2 + a5 < a3 + a4.
Hence a4 − a3 <‖ x− p5 ‖< a3 + a4, and hence x ∈ A2. Therefore U = A1 ∩ A2 = A1.
If p3 remains in the interior of U , then sinα (α := ∠p1 p2 p3, measured in counterclockwise
fashion) never becomes 0, and hence it remains either positive, or negative. If p3 reaches the
boundary of U , then sinα becomes 0. Thus, every interior point of U corresponds to exactly
two distinct points of M , and each boundary point of U corresponds to exactly one point of
M . So, we can see that M is homeomorphic to the two-dimensional manifold obtained from
the two copies U+,U− of U by attaching along their boundaries. Hence M is a torus.
(2) Suppose that ` < a1 + a2. Then a3 + a4 < a1 + a2 + a5. Hence ∠p1 p2 p3, ∠p2 p3 p4,
and ∠p3 p4 p5 can become pi , and hence F is reversible.
To show the latter part of (2), let us consider one typical case. Suppose that a3 < ` < a4.
Then we have 2a2 < 2a3 < a1 + a2 + a3 + a4 − a5 < 2a4, from which
a5 + (a2 − a1) < a3 + a4,
a5 − (a4 − a3) < a1 + a2,
a1 + a2 < a5 + a4 − a3.
Hence the territory U = A1 ∩ A2 of p3 is a region illustrated in Figure 1. Let α = ∠p1 p2 p3,
β = ∠p3 p4 p5, measured in counterclockwise fashion. If p3 remains in the interior of U ,
the sign-pattern of (sinα, sinβ) is constant, and it takes one of (++), (+−), (−+), (−−).
If p3 reaches a boundary point of U , one of sinα, sinβ becomes 0. And if p3 comes to a
corner point of the boundary of U , then both sinα, sinβ become 0. So, we can see that M is
homeomorphic to a closed surface obtained from the four copies U++, U+−, U−+, U−− of
U by attaching along their boundary arcs (circles) so that one of the signs of the sign pattern
turns across each arc (circle). In the attaching process, two arcs go to one arc and four vertices
(corner points) go to one vertex.
To compute the Euler characteristic χ(M), we have to cut each U∗∗ along the line segment
corresponding to xy in Figure 1 so that it becomes a ‘cell’. Then, we have χ(M) = 8 −
(8.4/2)+ 4 = −4. The orientability of the closed surface M follows easily from the fact that
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if a closed surface is embeddable in R3, then it is orientable (for an intuitive proof of this
fact, see [2]). Let γ = ∠p2 p3 p4, and consider the map M 3 (p2, p3, p4) 7→ (sinα, β, γ ) ∈
[−1, 1]×S1×S1,where S1 denotes the unit circle and β, γ are taken mod 2pi . It is not difficult
to see that this map is an embedding of M into [−1, 1] × S1× S1. Since [−1, 1] × S1× S1 is
embeddable in R3, M is also embeddable in R3. Hence M is orientable. Since χ(M) = 2−2g
holds for orientable case, we have g = 3.
Other cases follow similarly. 2
3. SCHOENBERG’S THEOREM
To prove Theorems 3 and 4, let us recall here Schoenberg’s theorem. Let F be a flexible
framework in Rn with n+1 vertices p0, p1, . . . , pn and
(
n+1
2
)−k edges. Let√x1, . . . ,√xk be
the distances between k non-adjacent pairs of vertices in some order, and let x = (x1, x2, . . . , xk).
If we deform F continuously in Rn , the point x = (x1, . . . , xk) draws a curve in Rk . Let
n(F) be the set of those points x = (x1, . . . , xk) ∈ Rk that are obtained by deforming F
continuously in Rn in all possible ways. For d < n, let d(F) ⊂ n(F) denote the subset
consisting of the points x = (x1, . . . , xk) corresponding to those F that lie on a d-dimensional
flat in Rn . Note that the point x = (x1, . . . , xk) ∈ d(F) determines the configuration of the
n+ 1 vertices in a d-dimensional flat up to isometry. Hence, we may regardd(F) as a space
of configurations formed by F . Now, deform F in Rn and inscribe it in Rd ⊂ Rn . What is
the difference between I (F, d) and d(F)? Each point of I (F, d) represents a configuration
obtained by deforming F continuously within Rd , while each point of d(F) represents a
configuration obtained by deforming F in Rn (not necessarily in Rd ) so that it comes to lie in
Rd . Hence I (F, d) is homeomorphic to a connected component of d(F).
Schoenberg [4] proved the following result.
THEOREM 5 (SCHOENBERG 1969). Let F be a connected framework in Rn with n + 1
vertices and
(
n+1
2
) − k edges. Suppose that F can be deformed so that the n + 1 vertices do
not lie on a hyperplane. Then n(F) is a compact convex set with interior points in Rk , and
n−1(F) is the boundary of n(F).
REMARK 2. Since n(F), n−1(F) are connected, they are homeomorphic to I (F, n),
I (F, n − 1), respectively.
PROOF OF THEOREM 3. Let p0, p1, . . . , pn denote the vertices of F . Since every config-
uration P = (p0, . . . , pn) determines a point x ∈ n(F), there is a natural continuous onto
map w : C(F, n)→ n(F). Let vol(P) denote the oriented volume of the simplex spanned
by p0, . . . , pn , that is, vol(P) = 1n!det
(
(p1 − p0)′, . . . , (pn − p0)′
)
, where (pi − p0)′ de-
notes the transpose of (pi − p0). Let C+, C−, C0 be the subsets of C(F, n) consisting of
the configurations P with vol(P) > 0, vol(P) < 0, and vol(P) = 0, respectively. Then,
C(F, n) = C+ ∪ C0 ∪ C−. Further, w : C+ ∪ C0 → n(F), w : C− ∪ C0 → n(F), and
w : C0 → n−1(F) are all homeomorphisms. Hence, C(F, n) is homeomorphic to the space
obtained from two copies ofn(F) by attaching along their boundaries by identity map. Since
n(F) is a k-dimensional ball by Schoenberg’s theorem, C(F, n) is a k-dimensional sphere.
2
PROOF OF THEOREM 4. It is possible to deform continuously F in R4 so that five vertices
do not lie on a hyperplane. Hence, (1) and (2) follow from Theorem 5 and Remark 2. Suppose
F is in R2. If a1 + a2 < `, then F is not reversible, and hence C(F, 2) is homeomorphic to
I (F, 2). Thus I (F, 2) is a torus by Theorem 2.
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Suppose that ` < a1+ a2. Then F is reversible by Theorem 2. Since F is a general pentag-
onal framework, it is impossible to deform F so that all vertices lie on a line. Hence, for any
configuration P represented by a point of I (F, 2), there are exactly two non-congruent con-
figurations each isometric to P . Hence, the map f : C(F, 2)→ I (F, 2) is a double covering.
Therefore I (F, 2) is a closed two-dimensional manifold and χ(I (F, 2)) = χ(C(F, 2))/2. If
χ(I (F, 2)) is odd (the first, third, fifth cases of Theorem 2(2)), then I (F, 2) is clearly non-
orientable. Since χ(I (F, 2)) is even in the second and fourth cases of Theorem 2(2), we have
to prove the non-orientability in some other way. This can be done by showing that a Mo¨bius
band can be cut out from I (F, 2). (In the case a3 < ` < a4, the four line-segments of U++,
U+−, U−+, U−− corresponding to xy of Figure 1 form together a closed simple curve 0
in C(F, 2), and as a neighborhood of f (0) in I (F, 2), we can get a Mo¨bius band.) Since
χ = 2− g for non-orientable surface, the theorem follows. 2
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